ABSTRACT-As in modern elasmobranchs (sharks and rays), the shagreen of the hybodontiform shark Tribodus limae (Santana Formation, Aptian-Albian, Lower Cretaceous, northeastern Brazil) consists of non-growing (monodontode) dermal denticles that were shed, replaced, and supplemented by new ones during life. In modern elasmobranchs, these denticles are usually represented by a single size class (considered here to be the default arrangement), although larger denticles are sometimes present locally (e.g., thorn rows on the head and trunk in batomorphs). In Tribodus, however, the shagreen consists of two distinct morphological denticle types and size classes (two-size), both widely distributed over the body and fins, with smaller denticles overlying the bases of larger thorns as well as occupying areas between them. Using two conceptually distinct variants of a two-layer reaction-diffusion (R-D) simulation that is consistent with morphogen exchange across the basal lamina between the epidermal and dermal layers, we recovered two-size spatial arrangements similar to the Tribodus shagreen. Our results suggest that denticle patterning in the dermal skeleton of sharks can be replicated using R-D models with kinetics similar to those previously applied to a known mechanism of feather bud patterning in birds and to skin pigmentation patterning in modern teleost fishes. Reaction-diffusion simulations operationalize Reif's 'odontode regulation theory,' and so have an important conceptual place in the history of research on the dermal skeleton. Such a modeling framework may enable conceptual links to be drawn among seemingly disparate denticle arrays in Paleozoic and recent chondrichthyans, thereby guiding future work on the molecular and histological underpinnings of dermal skeleton development and evolution.
INTRODUCTION
The skin of most elasmobranchs (sharks, rays) is densely covered with a shagreen of small, non-growing dermal denticles (placoid scales), each derived ontogenetically from an individual odontode (i.e., monodontode sensu Ørvig, 1977) and tightly anchored in the mesenchymal stratum compactum by bundles of collagenous Sharpey's fibers (Meyer and Seegers, 2012) . It has long been known that denticle formation involves both ectoderm and ectomesenchyme (Hertwig, 1874) . Monodontode dermal denticles also occur in modern chimaeroids (although oropharyngeal denticles are absent), but are restricted to certain parts of the body and are better developed in juveniles than in adults (Dean, 1906; Patterson, 1965; Didier, 1995) . Although there is strong circumstantial evidence that modern chondrichthyan dermal and oropharyngeal denticles are periodically shed (Peyer, 1968; Reif, 1974) , replacement rates are still largely unknown.
Modern elasmobranch denticles are arranged in a single layer, typically with non-overlapping bases (unlike osteichthyan scales, where each scale base overlaps the one behind). Adjacent denticle bases are occasionally fused, although this phenomenon is comparatively rare and never includes the crown (e.g., in Echinorhinus; Bigelow and Schroeder, 1948) . However, compound scales (polyodontode denticles sensu Ørvig, 1977) , consisting of fused and overlapping odontodes of different sizes, are commonly present in Paleozoic chondrichthyans.
Denticle density in modern elasmobranchs is systematically consistent (Reif, 1985b) ; patterns range from closely packed (e.g., Orectolobus) to widely scattered (e.g., Echinorhinus), suggesting that spacing of denticles is not random, but highly regulated. Modern elasmobranch dermal denticles may also display regional variation (e.g., enlarged denticles on the upper surface of the pectoral fin, on the head, along the dorsal margin of the caudal fin, and on the ventral surface of the caudal peduncle; Kemp, 1999) . Besides providing protection from abrasion, elasmobranch skin denticles may also improve hydrodynamic efficiency, especially in fast-swimming sharks (Reif and Dinkelacker, 1982; Raschi and Musick, 1984; Raschi and Elsom, 1986) . Neurosensory pit organs in the skin are often accompanied by specialized accessory denticles (Reif, 1985a) , and other specialized denticles border the lateral line in Chlamydoselachus (Gudger and Smith, 1933) , suggesting that the spatial and morphological patterning of denticles can be modified by proximity to these sensory organs. In the Port Jackson shark Heterodontus (a relatively sluggish, bottom-dwelling form), denticle morphology not only varies according to the position on the body, but also with growth (Reif, 1974) . Whereas some denticle morphologies seem to have a restricted systematic occurrence (e.g., among various carcharhinoid families; Compagno, 1988) , other types are more widespread (e.g., the short-crowned, multicusped, and multi-ridged denticles of larger carcharhinoid and lamniform sharks; White, 1937) . Morphological differences have been noted between skin denticles and those lining the buccal cavity, gill arches, and pharynx (Imms, 1905) , perhaps reflecting their divergent functional specialization (Clark and Nelson, 1997; Atkinson and Collin, 2012) .
Elasmobranch denticles do not typically display an ordered arrangement like that of osteichthyan scales, although denticles of the trunk region sometimes assume a diagonal-row-like positioning (e.g., Carcharhinus, Triaenodon, Prionace, Sphyrna; Reif, 1985b) , reminiscent of some microsquamous extinct fishes (e.g., Acanthodes, Cheirolepis ; Janvier, 1996) . Some recent phylogenies resolve chondrichthyans as nested among 'bony' fishes (Davis et al., 2012; Zhu et al., 2013) , raising the possibility that the absence of osteichthyan-like scale organization in chondrichthyans is secondary rather than primitive. Despite the seemingly disorganized distribution of denticles in the skin of most adult elasmobranchs, the ontogenetically earliest denticles may be arranged in distinct rows at specific sites: on either side of the caudal fin axis in Heterodontus (Johanson et al., 2007) , from the pectoral fins to the caudal peduncle in Scyliorhinus (Freitas and Cohn, 2004) , and along both sides of the caudal peduncle in Cephaloscyllium and Squalus (Grover, 1974; Maisey, 1974) . Thus, initial denticle patterning in elasmobranchs can be highly organized, but this transient stage can disappear secondarily; in skates, however, some of the first denticles to form in juveniles are arranged in rostrocaudal rows that are retained into adulthood (Grover, 1974; Miyake et al., 1999) . It has been suggested that initial denticle patterning in Heterodontus is related to myomere pattern (Johanson et al., 2007) , as with osteichthyan scales (Sire and Akimento, 2004) . In these cases, the higher-order arrangement of denticles may vary according to the underlying structure of earlier-developing chemical gradients.
By contrast, the dermal denticles in Tribodus present a novel pattern, in that they appear to be both randomly and evenly distributed, but are of two distinct size classes (described below).
This unusual condition reiterates the importance of fossil taxa for presenting mosaic character states either unseen or uncommon in extant forms (Donoghue et al., 1989) , and also raises more specific questions about how the developmental underpinnings of such a two-size dermal patterning may relate to the more commonly observed patterns of a single size class in extant taxa.
Although squamation patterns of dermal denticles or pigmentation are often geometrically arranged, they can be difficult to discretize. However, since the mid-20th century, the fit of increasingly elaborate mathematical models of reaction-diffusion (R-D) chemical dynamics (e.g., Turing, 1952; Yang et al., 2002; Barrio et al., 2009; Badugu et al., 2012; Maini et al., 2012; Madzvamuse et al., 2015) to different biological case studies of cutaneous tissues (e.g., Kondo and Asai, 1995; Yamaguchi et al., 2007; Barrio et al., 2009; Kondo and Miura, 2010) suggests that such conceptual models may potentially approximate the actual dynamics of spatial patterning in cutaneous tissues generated by combinations of activator/inhibitor transcription factors (e.g., the WNT/DKK interactions in feather bud spatial patterning; Sick et al., 2006) . As applied to dermal denticles, for example, such models are intuitively appealing because they operationalize the inhibitory field and odontode regulation theories of Reif (1980 Reif ( , 1982 , who-with remarkable foresight-postulated that denticle development occurred as the outcome of diffusion gradients of an inhibiting signal through the epidermis.
However, unlike pigmentation patterns, which are related to the differential distribution of melanocyte cells, dermal denticles form de novo at the interface of the epidermis and dermis, on the basal lamina (e.g., Miyake et al., 1999; Barrio et al., 2009 ). Reaction-diffusion models that involve coupling between layers (Yang et al., 2002; Barrio et al., 2009; Madzvamuse et al., 2015) approximate the interaction of morphogens through the basal lamina between the epidermal and dermal layers. Such coupled models can recover patterns of two-size spatial arrangements, regardless of both the kind of interactions taking place across layers and the assumed kinetics of the R-D system (Barrio 2008) .
Institutional Abbreviation-AMNH, American Museum of Natural History, New York, U.S.A. Figure 2 . Abbreviations: db1, db2, basal cartilage of first and second dorsal fins; df1, first dorsal fin; dsp1, dsp2, first and second dorsal fin spines; Mc, Meckel's cartrilage; or, orbit; pq, palatoquadrate; sc, scapulocoracoid. The position of several calcified pleural ribs is also indicated. Scale bar equals 10 cm.
MATERIALS AND METHODS

Imaging of Denticles
Our investigation of denticle morphology in Tribodus limae is based primarily on a single specimen, AMNH FF13957, including the head, trunk, fins, and spines of a single individual (Fig. 1) . Additional information concerning oropharyngeal denticles in T. limae was provided by AMNH FF13959. Both specimens have been illustrated previously (Lane and Maisey, 2009: fig. 1 ).
Chemical preparation in dilute acetic acid dissolved much of the carbonate matrix covering both specimens, exposing many dermal denticles in situ (Figs. 2, 3 ) and freeing many more from the matrix; these were investigated by means of scanning electron microscopy (Figs. 4, 5) . However, acid preparation was suspended before completion, leaving the majority of denticles in situ and providing a snapshot of their distribution.
Isolated denticles recovered from AMNH FF13957 were mounted and sputter coated with gold palladium for 75 seconds, and then photographed on a Zeiss EVO 60 environmental scanning electron microscope (SEM) at 10 kV with a vacuum of 7.0 £ 10e-6 millibars.
Simulation of Denticle Development and Spatial Arrangement Using Coupled R-D Dynamics
Both tooth and denticle development are preceded by a thickening of epidermal tissue, followed by recruitment of FIGURE 2. Exposed regions of the dermal squamation in AMNH FF13957, corresponding to boxes A and B in Figure 1 . A, right side of trunk midway between dorsal fins. B, right side of trunk below first dorsal fin. Lower right corner of each box points anteriorly. Large denticles are loosely organized in diagonal rows, some with overlapping bases. Note the numerous very small denticles between larger thorns. White fibrous bundles of phosphatized muscle fibers underlie many of the denticles. Scale bars equal 5 mm. mesenchymal cells and subsequent differentiation, and thus involve interaction across tissue layers (Thesleff and Hurmerinta, 1981; Sire et al., 1997; Miyake et al., 1999; Sire and Huysseune, 2003) . Although the molecular interactions in tooth development are known for mammal (mouse), bony fish (zebrafish), and chondrichthyan models (Fraser et al., 2010 (Fraser et al., , 2013 , and also for teleost scales (Sire and Akimenko, 2004; Fraser et al., 2010) , gene interaction networks involved in dermal denticle morphogenesis remain largely unknown, although recent work suggests that bone morphogenetic protein (BMP), fibroblast growth factor (FGF), paired-like homeodomain transcription factor (PITX), sonic hedgehog (SHH), and Msh homeobox (MSX) may contribute significantly (Debiais-Thibaud et al., 2015) . Unpublished findings by L. Rasch also implicate winglessrelated integration site (WNT) in denticle morphogenesis.
Reaction-diffusion simulation using biological molecular pathways in the kinetic component requires reaction quantification in order to derive the differential equations on which the kinetics are based. Ideally, a model accounting for the kinetics of all morphogens associated with denticle morphogenesis would provide the most predictive power. However, quantified interactions among the major molecular components of denticle morphogenesis have not been presented. Therefore, our investigation simulated the development of two-size dermal denticles on a 256 £ 256 £ 1 grid, using two linearly coupled models of wellknown R-D systems: one with Brusselator kinetics (Yang et al., 2002) and the other with Gierer-Meinhardt (G-M) kinetics modified to parameterize the known reaction dynamics of WNT/DKK interaction in cutaneous feather bud formation (Sick et al., 2006) . Brusselator kinetics involve direct chemical interactions among morphogens, whereas G-M kinetics are derived from interaction patterns of biological molecules WNT and DKK, involving non-competitive inhibition at a co-receptor and a saturation term. Both of our simulations used white noise initial FIGURE 3. SEM images of detached large thorns (A-H) plus a single small denticle (I) from Tribodus limae AMNH FF13957. All views are of different denticles harvested from acid preparation residues. The original positions of these denticles on the body are unknown. A, presumed newly formed thorn denticle, in which the basal plate has not formed, but there is no pulp cavity; oblique lateral view, left side. B-F, mature thorn denticles in apical view (the crown has sheared off in F, revealing a radial arrangement of vascular canals). G, H, mature thorn denticles in oblique ventral view, showing the pitted basal plate. I, small 'cock's comb' denticle (also shown in H) for size comparison. Scale bar equals 100 mm.
conditions, assuming equal settings for the two layers (lower D 0.5, upper D 2.0) to parameterize equal initiatory competency. For the Brusselator kinetics, coupling was linear, as in Yang et al. (2002) . For G-M kinetics, coupling was quadratic, as in Kytt€ a (2007). Simulations were conducted in the standalone R-D modeling and visualization program Ready 0.6 (Hutton et al., 2013) . A simulation time step (t) of 0.001 was used to improve stability within each iteration, and each simulation was allowed to run to an approximate equilibrium (t >> 150000). 
Description of Denticles in Tribodus limae
Large thorn-like denticles were first described in Tribodus limae by Brito and Ferreira (1989) and subsequently illustrated by Brito (1992:pl . 1, fig. 4a, b) . They are non-growing denticles (sensu Reif, 1978) , mostly between 2.5 and 4 mm in diameter, with a single blade-like crown and an almost circular base. The distal part of the crown ('thorn') is strongly compressed from side to side, with a convex, blade-like anterior margin (Fig. 3A) . The crown expands in width proximally, and its lateral surfaces are ornamented with numerous vertical ridges that rarely bifurcate and become indistinct towards the crown margin. These ridges become wider and farther apart proximally, but do not typically exceed 200 mm in width. The crown is sometimes delimited proximally by a narrow sulcus (Fig. 3B) . Accessory cusps have not been found on these denticles.
The denticle base is ovoid in outline and covered by radial ridges that often correspond to vertical ridges on the crown. In fully formed denticles, the base is often scalloped between adjacent ridges. Deeper indentations are sometimes present, possibly FIGURE 4. SEM images of detached small 'cock's comb' denticles from Tribodus limae, AMNH FF13957. A-G, lateral, ventrolateral, and coronolateral views of several denticles, arranged in order of increasing size; H, I, K, coronal views; J, anterior view. Pulp cavity can be seen in B, E, and F. The number of median cusps and paired lateral cusplets is not simply related to denticle size, because even relatively large examples can have fewer cusps and cusplets than smaller ones. The original position of these denticles on the body is unknown, but it is possible that variation in denticle size and in the number and orientation of cusps and paired cusplets are related to the position on the body. Scale bar equals 100 mm.
marking the positions of 'soft' structures such as pit organs or slime glands (Fig. 3C, F) . Many small pores penetrate the upper surface of the denticle base, especially between the radial ridges. An irregular series of larger pores occurs adjacent to the crown, probably homologous with the neck canals of modern elasmobranch placoid scales (although a neck is absent; Fig. 3 ). The lower surface of the base is fairly smooth, with numerous scattered pores (Fig. 3G, H) . Immature denticles in which the base is not fully formed reveal a spongy trabecular internal structure, lacking a large pulp cavity (Fig. 3A) .
Thorn denticles show little sign of wear or abrasion. Adjacent denticles are mostly similar in size, although regional differences are observed (e.g., denticles covering the dorsal fins are slightly smaller than on the adjacent part of the trunk). Most denticle thorns are as tall as long, with a slightly concave posterior margin, but denticles positioned ventrally tend to be shorter, with an almost straight posterior margin. Thorn denticles are distributed fairly uniformly over the body, but some are closer together than others (the maximum distance between them is the equivalent of one scale width). Some denticle bases overlap or even make contact with neighboring ones, but no denticle fusion was observed. A continuous process of denticle formation and loss, replacement, and addition is suggested by the presence of thorn denticles with bases in various states of completeness (e.g., Fig. 3A) .
The small denticles in T. limae have not previously been reported. Most of these are an order of magnitude smaller than the large ones (ca. 250-600 mm; Fig. 4 ). They have a very elaborate and ornate crown, with a central crest comprising several acuminate cusps aligned anteroposteriorly like a cock's comb, plus a variable number of acuminate and usually paired accessory cusplets on either side of the central crest. The cusps and cusplets are mostly under 50 mm maximum diameter, and the longest are ca. 200 mm tall. Several small denticles can occupy the space between thorn denticles, and many of them actually overlie the thorn bases (Fig. 2B) . When observed in situ, these denticles are invariably oriented with their cusps directed posteriorly, like the large thorn denticles. As with the thorns, the small denticles differ according to their position on the body (e.g., fewer accessory cusplets are present in denticles from the dorsal fins than elsewhere). Small isolated denticles recovered from acid preparation residues revealed greater morphological variation than among those observed in situ, but because their original location is unknown, the significance of this variation is unclear.
In the smallest denticles (ca. 250 mm long), the central crest is poorly developed and has only four or five cusps, all of approximately equal height but becoming gradually wider posteriorly (Fig. 4A) . Only one or two accessory cusplets are present per side, but these are almost as tall as the central cusp. In larger denticles (300-600 mm long), the central crest bears up to nine cusps and becomes progressively taller posteriorly, although the free spines forming the crest are all of approximately the same height; increased crest height primarily involves deepening of the fused proximal parts of the crown. Paired accessory cusplets are generally more numerous in larger denticles (up to five per side in some cases), but these are usually much shorter than the central crest. Anterior cusplets are usually more erect, whereas those farther posteriorly are more divergent posterolaterally. There is considerable variation in the position and extent of cusplets on different denticles: they can be arrayed extensively along both sides of the central cusp or restricted to a smaller region (often situated posteriorly), they can be more or less evenly spaced or almost connected proximally, and they can form rectilinear series or small clusters (Fig. 4D) . Although the cusplets are generally paired on either side of the central crest, some are slightly offset from their antimere (Fig. 4K) . Despite strong variation in cusplet arrangement, the first cusp of the central crest was never observed to be flanked by cusplets, although these are occasionally present between the first and second central cusps.
Below the crest and accessory cusplets, the crown base is sharply delimited (Fig. 4C, G-I, K) . Unlike in the thorn denticles, the base is not ornamented by ridges or grooves, but has a smooth surface pierced by a variable number of pores adjacent to the crown and also near the margin of the base. The base has an irregular, thin margin that is often broken in isolated specimens. Again, unlike the thorn denticles, a large, open pulp cavity is usually present. Thus, despite the complex crown morphology of the small denticles, they nevertheless seem to have formed from a single odontode (sensu Reif, 1978 ; discussed further below).
Besides these two distinct kinds of skin denticles, T. limae also possesses distinctive oropharyngeal denticles, similar to those described in other hybodontiform sharks (Reif, 1978) . A few oropharyngeal denticles were observed in situ in AMNH FF13957, and several isolated examples were recovered in acid residues from the same specimen (Fig. 5A-C) .
The denticles range in diameter from ca. 500 mm to 1-2 mm, and all have a polygonal outline, with a large, low crown FIGURE 5. Oropharyngeal denticles in Tribodus limae. A-C, individual denticles picked from the oropharynx of AMNH FF13957. A, polyodontode denticle with four small denticles accreted to the margins of a larger one, apical view. B, single large monodontode denticle, apical view. C, two monodontode denticles with fused basal plates, basal view. D, monodontode and polyodontode oropharyngeal denticles in situ on branchial cartilages of AMNH FF13959. Scale bars equal 200 mm (A-C) and 2 mm (D).
ornamented with heavy, reticulated ridges covering much of the base. The base is flat and highly vascularized, with numerous pores. Some oropharyngeal denticles have a single crown (Fig. 5B ) and can be characterized as non-growing (sensu Reif, 1978) , but others are compound scales with several, separate crowns (e.g., Fig. 5A ), like the 'growing scales' in Hybodus delabechei (Reif, 1978) .
Both single-crowned and compound scales of different sizes were observed in situ on the branchial arches in AMNH FF13959, showing that both patterns coexisted simultaneously and in close proximity (Fig. 5D) . Thus, T. limae seems to have retained evolutionarily primitive compound 'growing' denticles in its oropharyngeal integument, although these are apparently absent from its shagreen.
DISCUSSION
Comparison with Denticles in Other Hybodont Sharks
The survey of denticle morphology in hybodontiform sharks published by Reif (1978) has strongly influenced subsequent phylogenetic and evolutionary consideration of denticle morphology in modern and extinct elasmobranchs (Reif, 1980 (Reif, , 1982 Zangerl, 1981; Maisey, 1982 Maisey, , 1983 Maisey, , 1984a Maisey, , 1984b Maisey, , 1986 Maisey et al., 2004) . Reif (1978 Reif ( , 1980 found that the integument of some extinct hybodontiform sharks included both 'non-growing' denticles consisting of a single odontode, as well as compound 'growing' denticles with multiple odontodes, each with its own crown, base, and vascular network (e.g., Hybodus delabechei), whereas others (e.g., Egertonodus basanus, E. fraasi, Hybodus obtusus) apparently had only non-growing denticles, as in modern elasmobranchs. Tribodus limae also falls into this category, although its two-size squamation pattern has not yet been observed in other hybodont sharks. Furthermore, the two-size pattern was not seen in the oropharyngeal region of Tribodus and appears to be restricted to the external shagreen. This observation suggests that different parameter values and initial conditions may govern denticle growth dynamics in different body regions. Reif (1978) based much of his characterization of hybodont squamation on dermal denticles recovered from a single acidprepared specimen of the early Jurassic Hybodus delabechei, including both 'non-growing' (monodontode) and 'growing' FIGURE 6. Shagreen denticles in other hybodonts. A, B, denticles from trunk region in Egertonodus fraasi, from Maisey (1986) . C, D, denticles from top of head in Egertonodus basanus, from Maisey (1983) . E, denticles from trunk in Hamiltonichthys mapesi, from Maisey (1989) . F, denticles said to be from near the mouth in Hybodus delabechei, after Reif (1978) . Scale bars equal 200 mm (A, C, D), 1 mm (B), 100 mm (E), and 500 mm (F).
(polyodontode) types. As he noted, however, the original position of many denticles was uncertain, particularly polyodontode ones harvested near the mouth. This is crucial because, following his study, it has often been assumed that polyodontode and monodontode denticles co-occurred over the body in H. delabechei, implying some kind of 'transition' between Paleozoic chondrichthyans (mostly characterized by polyodontode denticles) and the modern monodontode condition. The present observations of denticle morphology in T. limae reveal that only its oropharyngeal denticles were polyodontode, whereas its body denticles were monodontode. In fact, Reif's (1978) observations of H. delabechei are consistent with ours, because the polyodontode denticles he described and figured from 'near the mouth' are virtually identical to the oropharyngeal denticles in T. limae, and may have originated within the oropharynx. Moreover, denticles Reif (1978) recovered from the actual shagreen of H. delabechei are morphologically similar to (though much larger than) the small 'cock's comb' denticles found in T. limae. Our observations are also in accord with the presence of monodontode shagreen in other Mesozoic and late Paleozoic hybodonts (e.g., Egertonodus basanus, E. fraasi, Tristychius arcuatus, Hamiltonichthys mapesi; Brown, 1900; Dick, 1978; Maisey, 1983 Maisey, , 1986 Maisey, , 1989 Fig. 6) .
The notion that polyodontode denticles existed outside the oropharyngeal region in hybodonts is therefore questionable, although these denticles were clearly present within the oropharynx of at least some (possibly all) hybodont taxa, unlike in modern elasmobranchs. Instead, the presence of a shagreen consisting entirely of monodontode denticles may be a synapomorphy of hybodonts and modern chondrichthyans, whereas a monodontode oropharyngeal squamation may represent a synapomorphy of the elasmobranch crown group (Maisey 2011 (Maisey , 2012 .
Morphogenetic Constraints on Chondrichthyan Dermal Denticle Patterning
In modern elasmobranchs, maintenance of the shagreen during growth involves several morphogenetically coupled factors (Reif, 1974) , including denticle coalescence, increased size and/ or numbers of replacement denticles, and variable shedding rates. In many extant elasmobranchs, denticles are periodically shed and replaced (Reif, 1974) , although replacement rates are still unknown. In certain taxa (e.g., Isistius, Euprotomicrotus), the scales do not erupt through the epidermis and are apparently retained for life (Reif, 1980) . Reif (1980) interpreted variation in squamation patterns of extant elasmobranchs (and some extinct chondrichthyans; e.g., Protacrodus, Ctenacanthus costellatus, Hybodus delabechei) using morphogenetic parameters that allowed him to conceptualize several morphogenetic 'types' of dermal skeletons and led him to develop his 'inhibitory field theory' (IFT) of denticle formation.
The concept underlying the IFT is similar to R-D systems, in that IFT assumes that diffusion of a morphogenetic field through tissue is responsible for denticle patterning (Donoghue, 2002) . However, the IFT assumes that differential inhibition alone is sufficient for generating complex spatial patterning. Inhibitory field theory may therefore be seen as a verbal hypothesis of a restricted parameterization of R-D systems, consisting of a single inhibitory component, and no kinetic component. Such a system is by itself insufficient for generating the two-size condition observed in Tribodus.
Although R-D models in their traditional formulations can inform only on the spatial arrangement of denticle placement, and not about the development of the denticle morphology itself, our coupled R-D simulation nevertheless recovered a very close approximation of the Tribodus shagreen ( Fig. 7A-C) , regardless of the assumed kinetic model, consisting of a randomly distributed, evenly spaced two-size pattern with »4:1 large:small size ratios of the element diameters and spacing of five to six small denticles between large ones. This result is consistent with the success of previous R-D simulation studies in recovering complex cutaneous patterns (e.g., Barrio et al., 2009; Kondo and Miura, 2010) . The G-M model (Fig. 7C ) differed from the Brusselator model (Fig. 7B ) in generating a patchier distribution of the two size classes, a result that may or may not be more congruent with the observed distribution in Tribodus, depending on considerations of possible taphonomic deformation, d ebridement, and incomplete preparation.
This study is the first application of R-D dynamics to the problem of dermal denticle patterning, and we also believe it to be the first to apply R-D formulations in paleontology. We feel that approaches like this are beneficial for augmenting the axes of inclusion between neontological and paleontological questions. For example, the flexibility of R-D modeling may provide a future framework for approaching complex questions in the evolution of spatial arrangements, such as heterotopy (Zelditch and Fink, 1996) . Although the FIGURE 7. Approximation of the dermal shagreen of Tribodus limae patterning through simulation of a coupled reaction-diffusion (R-D) system with both Brusselator and Gierer-Meinhardti (G-M) kinetics. A, dermal denticles of Tribodus limae, AMNH FF13959, with crown areas highlighted to distinguish positional spacing from individual denticle morphology. B, Brusselator R-D equilibrium patterns of one activator morphogen, with model coefficients defined in text, showing distributional differences in activator expression level (black equals 0, white equals 5; arbitrary units). C, G-M R-D equilibrium pattern of one activator morphogen, with model coefficients defined in text, showing differences from Brusselator kinetics and distributional differences in both clustering of two size classes and in activator expression level (black equals 0, white equals 5; arbitrary units).
Tribodus two-size pattern appeared to be restricted to the dermal shagreen and was not observed in the oropharyngeal region, the two different body regions may share a common coupled R-D system differing only in initial conditions (e.g., Bard and Lauder, 1974) . Coupled R-D systems may therefore be a general foundation from which the dermal skeleton is derived, but we suggest such hypotheses and apply such simulations cautiously. Denticle patterning is a different class of problem than pigmentation, in terms of the elements being arranged (pigment cells versus calcification sites), and the absence of known reaction kinetics limits the degree to which predictions can be made about denticle growth. However, the largely congruent fit of R-D modeling using both chemically and biologically informed kinetic pathways at different ends of the conceptual spectrum of how one approaches parameterization (Rice, 2004) suggests that the observed pattern may, with careful consideration, be robust to the assumed underlying mechanism. Such a result opens up the possibility that seemingly disparate denticle arrays seen in both ancient and modern chondrichthyans may be connected through changes in parameter values within simple models of R-D mechanics, an idea recently intimated for transformations among Turing nanopatterns in insect corneae ( Fig. 4 ; Blagodatski et al., 2015) .
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